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We see that the graph of y = Asin(wx — ¢) = A sin[w(x - %)] is the same

as the graph of y = A sin(wx), except that it has been shifted % units (to the right

if ¢ > 0 and to the left if ¢ < 0). This number -dl is called the phase shift of the
graph of y = A sin(wx — ¢). @

For the graphs of y = A sin(wx — ¢) or y = Acos(wx — ¢),w > 0,

27T

Amplitude = IAI Period =T = —~

Phase shift = _qé
w

The phase shift is to the left if ¢ < 0 and to the right if ¢ > 0.

,

e

AMPLE 1

E

?

Solution

NOTE We also can find the interval defin-

ing one cycle by solving the inequality
O=2x—7=2m

Then

T = 2 =911

Einding the Amplitude, Period, and Phase Shift
of a Sinusoidal Function and Graphing It

Find the amplitude, period, and phase shift of y = 3 sin(2x — ) and graph the
function.

Comparing

y =3sin(2x — ) =3 Sin{2<x - EZEH

y = Asin(wx — ¢) = ASin[‘“(" - %ﬂ

we find that A = 3, w = 2, and ¢ = 7. The graph is a sine curve with amplitude

to

) _2m 2w _ e @
|A] = 3, period T = PR and phase shift = w2
The graph of y = 3 sin(2x — ) will lie between —3 and 3 on the y-axis. One
2
cyclewillbeginatx=£=£and endatx=-+—71:£+7r:§—z.Toﬁnd
w 2 0] 0] 2 2

m 3|, .
— .~ | into four subintervals, each of

the five key points, we divide the interval [2 ')

-g =x= 5777 m lengthw + 4= %, by finding the following values of x:
T T 37 37T+’7T LT S 577'+7T 3
—_ —_ — o — —_— — = qr T ——— —_— T ———
2 2 4 4 44 T4y 4 4 2
initial value  2nd value Srd value 4th value final value
Use these values of x to determine the five key points on the graph:
T 3n S 37
—,0 —.,3 0 —, = —
(27 )7 ( 4 7 )7 (771 )7 < 4 b 3>a ( 2 7O>
We plot these five points and fill in the graph of the sine function as shown in
Figure 73(a). Extending the graph in each direction, we obtain Figure 73(b).
Figure 73
! (47.3) 7.9 1 (7.3 (.3)
3+ ) e 3+ N o
2 -
r oz amw w A\-o(zZ,0 ST f
(‘2,0) | (fn’,O)l G0 3.0/ | ‘(2, ) .\ o) (27 0) (Ig, )
IEE R TAE EN N A RN EIN A
\ (70
—2F -2
-3+ L -3+ e @ ‘@
T -3) (%.-9) ¢ -9 T -3)




160 CHAPTER 2 Trigonometric Functions

The graphof y = 3sin(2x — 7)) =3 sin[2<x - g)} may also be obtained us-

ing transformations. See Figure 74.

Figure 74
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Multiply by 3; Replace x by 2x; Replace x by x - %;
Vertical stretch Horizontal compression Shift right )
by a factor of 3 by a factor of % units
(@) y=sinx (b) y=3sinx (c) y = 3sin (2x) (d) v = 3 sin [2 (x _121)]

= 3sin (2x — )

To graph a sinusoidal function of the form y = A sin (wx — ¢) + B, we first
graph the function y = A sin(wx — ¢) and then apply a vertical shift.

EXAMPLE 2 I Finding the Amplitude, Period, and Phase Shift
of a Sinusoidal Function and Graphing It

Find the amplitude, period, and phase shift of y = 2 cos(4x + 3#) + 1 and graph
the function.

Solution  We begin by graphing y = 2 cos(4x + 7). Comparing

y = 2cos(4x + 3m) = 2005{4<x + ggﬂ

to
_ _ ¢
y = Acos(wx — ¢) = Acos|w| x — -
NOTE We can also find the interval defin-  we see that A = 2, w = 4, and ¢ = —3x. The graph is a cosine curve with ampli-
ing one cycle by solving the inequality ) 20 2 T ) ¢ 37
0 =< 4x + B < 20 tude |A| = 2, period T = PP and phase shift = — = Ve
Then 5 The graph of y = 2 cos(4x + 3m) will lie between —2 and 2 on the y-axis. One
— <= <
e le will begin at x = > = ~2T and end at x= 2 + 2T = 3T T _ T
~Fsxs-T cycle will begin at x =~ =—="and end at x = > + —= = —— S
®
3
To find the five key points, we divide the interval {— TW, — Z—} into four subintervals,
each of the length —721 + 4 = % by finding the following values.
P dm,m_Swm  Swowm_ wm  wm wm 3w 3w om 7@
4 4 8 8 8 8 2 2 8 8 8 8 4
initial value 2nd value Srd value - Ath value final value

The five key points on the graph of y = 2 cos(dx + ) are

(a) (50} (50 () (39

We plot these five points and fill in the graph of the cosine function as shown in
Figure 75(a). Extending the graph in each direction, we obtain Figure 75(b), the
graph of y = 2 cos(4x + ). A vertical shift up 1 unit gives the final graph. See
Figure 75(c).
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Figure 75 y
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Add 1;
Vertical shift
(a) (b) ¥ =2 cos {4x + 3m) up 1 unit (c)y=2cos (4x+ 3xn) + 1

3
The graph of y = 2cos(4x +3w) + 1 =2 005{4<x + T’”)} + 1 may also be

obtained using transformations. See Figure 76.

Figure 76
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(d) y = 2 cos (4x + 3m)+1

wmmmmmzee— Now Work prosLem 3

—
SUMMARY  Steps for Graphing Sinusoidal Functions y = Asin(wx — ¢) + Bory = Aws(wx — @) + B

2
StEP 1: Determine the amplitude |A| and period T = %
¢
STEP 2: Determine the starting point of one cycle of the graph, Py

' 2
STEP 3: Determine the ending point of one cycle of the graph,% + TZZ

2
StEP 4: Divide the interval [g ¢ + j} into four subintervals, each of length T - 4,

SteP 5: Use the endpoints of the subintervals to find the five key points on the graph.
STEP 6: Fill in one cycle of the graph.

Step 7: Extend the graph in each direction to make it complete.

StEP 8: If B # 0, apply a vertical shift.
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2 Find a Sinusoidal Function from Data

A review of scatter diagrams from Appendix A, Section A.8, may be helpful.

Scatter diagrams of data sometimes take the form of a sinusoidal function. Let’s
look at an example.

The data given in Table 11 represent the average monthly temperatures in
Denver, Colorado. Since the data represent average monthly temperatures collected
over many years, the data will not vary much from year to year and so will essen-
tially repeat each year. In other words, the data are periodic. Figure 77 shows the
scatter diagram of these data repeated over 2 years, where x = 1 represents
January, x = 2 represents February, and so on.

Table 11 Figure 77
y
Average Monthly 75r . .
Moenth, x Temperature, °F B . o
January, 1 29.7 I ) .
February, 2 33.4 I ) * |
March, 3 390 - tS ’
30 e *
April, 4 48.2
May, 5 57.2 0{ 1 ] |
June, 6 66.9 2 *
July, 7 735
August, 8 7.4
September, § 62.3
October, 10 514
November, 11 3.0
December, 12 31.0

Source: U.S. National Oceanic and Atmospheric Administration

Notice that the scatter diagram looks like the graph of a sinusoidal function. We
choose to fit the data to a sine function of the form

y = Asin{wx — ¢) + B

where A, B, w, and ¢ are constants.

EXAMPLE 3 Finding a Sinusoidal Function from Temperature Data
Fit a sine function to the data in Table 11.
Solution  We begin with a scatter diagram of the data for one year. See Figure 78. The data
will be fitted to a sine function of the form
Figure 78 y = Asin(wx — ¢) + B
y StEP 1: To find the amplitude A, we compute
nr . . largest data value — smallest data value
* . Amplitude = 5
- . y 73.5 = 29.7
= = 219
. . 2
25 ) To see the remaining steps in this process, we superimpose the graph of the
function y = 21.9 sin x, where x represents months, on the scatter diagram.
0 N U S N N N N Y A |
6 12 X
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Figure 79 shows the two graphs. To {fit the data, the graph needs to be shifted
vertically, shifted horizontally, and stretched horizontally.
STEP 2: We determine the vertical shift by finding the average of the highest and
lowest data values.
73.5 + 29.7
2
Now we superimpose the graph of y = 21.9sin x + 51.6 on the scatter dia-

gram. See Figure 80.
We see that the graph needs to be shifted horlzontally and stretched

horizontally.

Vertical shift = = 51.6

StEP 3: It is easier to find the horizontal stretch factor first. Since the temperatures
repeat every 12 months, the period of the function is T = 12. Since

T=2—7T=12,wefind
w

20 T

w=——=—

12 .6

Now we superimpose the graph of y = 21.9 sin(%x) + 51.6 on the
scatter diagram. See Figure 81. We see that the graph still needs to be shifted

horizontally.
Figure 80 Figure 81
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StEP 4: To determine the horizontal shift, we use the period T = 12 and divide the
interval [0, 12] into four subintervals of length 12 + 4 = 3:

[0,3], [3,6], [6,9], [9,12]

The sine curve is increasing on the interval (0, 3) and is decreasing on the in-
terval (3, 9), so a local maximum occurs at x = 3. The data indicate that a
maximum occurs at x = 7 {(corresponding to July’s temperature), so we must
shift the graph of the function 4 units to the right by replacing x by x — 4.
Doing this, we obtain

y =219 sin(% (x — 4)) +51.6

Multiplying out, we find that a sine function of the form

y = Asin(wx — ¢) + B that fits the data is

=219si
y 19sm<6

6

2
— — ] 4+ 51.6
)

2
The graph of y = 21.9 sin(lT-x - —;) + 51.6 and the scatter diagram

of the data are shown in Figure 82.
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The steps to fit a sine function
y = Asin(wx — ¢) + B

to sinusoidal data follow:

teps for Fitting Data to a Sine Functiony = A sin{wx

(4]

STEP 1: Determine A, the amplitude of the function.
largest data value — smallest data value
2
STEP 2: Determine B, the vertical shift of the function.
largest data value + smallest data value
2
StEP 3: Determine . Since the period T, the time it takes for the data to re-

Amplitude =

Vertical shift =

. 2
peat,is T = - we have

_
T

STEP 4: Determine the horizontal shift of the function by using the period of
the data. Divide the period into four subintervals of equal length. De-
termine the x-coordinate for the maximum of the sine function and
the x-coordinate for the maximum value of the data. Use this

[43]

information to determine the value of the phase shift, %

smemmmzes— oW Work rrosLem 29(a)- (<)

Let’s look at another example. Since the number of hours of sunlight in a day
cycles annually, the number of hours of sunlight in a day for a given location can be
modeled by a sinusoidal function.

The longest day of the year (in terms of hours of sunlight) occurs on the day of
the summer solstice. For locations in the northern hemisphere, the summer solstice
is the time when the sun is farthest north. In 2005, the summer solstice occurred on
June 21 (the 172nd day of the year) at 2:46 AM EDT. The shortest day of the year
occurs on the day of the winter solstice. The winter solstice is the time when the Sun
is farthest south (again, for locations in the northern hemisphere). In 2005, the win-
ter solstice occurred on December 21 (the 355th day of the year) at 1:35 PM (EST).

i
|

EXAMPLE 4

|

Solution

Finding a Sinusoidal Function for Hours of Daylight
According to the Old Farmer’s Almanac, the number of hours of sunlight in Boston

on the summer solstice is 15.30 and the number of hours of sunlight on the winter
solstice is 9.08.

(a) Find a sinusoidal function of the form y = Asin(wx — ¢) + B that fits the
data.

(b) Use the function found in part (a) to predict the number of hours of sunlight
on April 1, the 91st day of the year.

(¢) Draw a graph of the function found in part (a).

(d) Look up the number of hours of sunlight for April 1 in the Old Farmer’s

Almanac and compare it to the results found in part (b).
Source: The Old Farmer's Almanac, www.almanac.com/rise

largest data value — smallest data value
2

I

(a) Step 1: Amplitude

15.30 — 9.08
= ————7—9— = 3.11



Figure 83
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_ largest data value + smallest dara value

STEP 2: Vertical shift

2
5.30 + 9.08
= 1*2_9_ = 12.19

~ StEP 3: The data repeat every 365 days. Since 7 = %Z—T = 365, we find

2

w = —

365

2
So far, we have y = 3.11 sin(;%x - gb) + 12.19.

STEP 4: To determine the horizontal shift, we use the period T = 365 and divide
the interval [0, 365] into four subintervals of length 365 + 4 = 91.25:

[0,91.25], [91.25,182.5], [182.5,273.75], [273.75,365]

The sine curve is increasing on the interval (0, 91.25) and is decreas-
ing on the interval (91.25, 273.75), so a local maximum occurs at
x = 91.25. Since the maximum occurs on the summer solstice at
x = 172, we must shift the graph of the function 172 — 91.25 = 80.75
units to the right by replacing x by x — 80.75. Doing this, we obtain

27

=3.11si — 80. .
y sm<365 (x — 80 75)> +12.19

Multiplying out, we find that a sine function of the form
y = Asin(wx — ¢) + B that fits the data is

=311 .]l X — ]+ .

(b) To predict the number of hours of daylight on April 1, we let x = 91 in ‘the
function found in part (a) and obtain

2 32
y =311 sin(—w- 91 — 22

- =7+ 12
365 730”) 12.19

~ 12,74

So we predict that there will be about 12.74 hours = 12 hours, 44 minutes of
sunlight on April 1 in Boston.

(¢) The graph of the function found in part (a) is given in Figure 83.

(d) According to the Old Farmer’s Almanac, there will be 12 hours 45 minutes of
sunlight on April 1 in Boston.

e 2]
smemmmms=- llgw Work rrosrLem 35

Certain graphing utilities (such as a TI-83, TI-84 Plus, and TI-86) have the capa-
bility of finding the sine function of best fit for sinusoidal data. At least four data
points are required for this process.

Finding the Sine Function of Best Fir
Use a graphing utility to find the sine function of best fit for the data in Table 15.
Graph this function with the scatter diagram of the data.

Enter the data from Table 15 and execute the SINe REGression program. The result
is shown in Figure 84.
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The output that the utility provides shows the equation
y = asin{bx + ¢) + d
The sinusoidal function of best fit is
y = 21.15sin(0.55x — 2.35) + 51.19

where x represents the month and y represents the average temperature.
Figure 85 shows the graph of the sinusoidal function of best fit on the scatter
diagram.

Figure 84 Figure 85
75

inthx
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2.6 Assess Your Understanding

Concepts and Yocabulary

1. For the graph of y = A sin(wx — ¢), the number s iscalled & 2. True or False Only two data points are required by a graph—
the @ = ing utility to find the sine function of best fit.

Skill Building

In Problems 3-14, find the amplitude, period, and phase shift of each function. Graph each function. Be sure to label key points. Show
at least two periods.

ANES y = 4sin(2x — 7) 4. y = 3sin(3x — ) S5.y= 2cos<3x + g)
. T T
6. y =3cos(2x + ) 7. y=-3 sm(Zx + -2~> 8. y=-2 cos<2x - E)
9. y=4dsin(mx +2) -5 10. y = 2cos(2mx + 4) + 4 L y=3cos(mx —2)+ 5
. 7 T
12. y = 2cos(2mx — 4) — 1 13.y=-3 sm(—Zx + 5) 14. y = -3 cos<~2x + —2—>

In Problems 15-18, write the equation of a sine function that has the given characteristics.

1S, Amplitude: 2 16. Amplitude: 3 17. Amplitude: 3 18. Amplitude: 2
Period: 7 . Period: — Period: 37 . Period:
Phase shift: > Phase shift: 2 Phase shift: - 3 Phase shift: —2

Applications and Extensions

In Problems 19-26, apply the methods of this and the previous section to graph each function. Be sure to label key points and show at
least two periods.

1
19. y = 2 tan(4x ~ =) 20. y = %cot(Zx - ) 2. y=3 csc(Zx - %) 22,y = —2—sec(3x — )

1
23. y = —cot<2x + %) 24, y= —tan(?}x + g) 25. y = —sec(2wx + m) 26. y = —‘csc(—z'n'x + Z*)




27. Alternating Current (ac) Circuits The current /, in amperes,
flowing through an ac (alternating current) circuit at time ¢,
in seconds, is

I(t) = 120 sin<307rt - %) t=0

What is the period? What is the amplitude? What is the phase
shift? Graph this function over two periods.

28. Alternating Current (ac) Circnits The current /,in amperes,
flowing through an ac (alternating current) circuit at time ¢,
in seconds, is

I(t) = 220 sin(607rt - -’63> (=0

What is the period? What is the amplitude? What is the phase
shift? Graph this function over two periods.

N 2. Monthly Temperature The following data represent the av-
erage monthly temperatures for Juneau, Alaska.

Average Monthly
he _ Month, x Temperature, °F

R January, 1 24.2

-~ February, 2 284
March; 3 327

April, 4 39.7

May, 5 47.0

June, 6 53.0

July, 7 56.0

August, 8 55.0

September, 9 434

October, 10 422

November, 11 32.0

December, 12 271

Source: U.S. National Oceanic and Atmospheric
Administration
(a) Draw a scatter diagram of the data for one period.
(b) Find a sinusoidal function of the form
y = Asin(wx — @) + B that fits the data.
(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.
(d) Use a graphing utility to find the sinusoidal function of
best fit.
{e) Draw the sinusoidal function of best fit on a scatter
diagram of the data.

=

i

30. Monthly Temperature The following data represent the av-
erage monthly temperatures for Washington, D.C.

(a) Draw a scatter diagram of the data for one period.

(b) Find a sinusoidal function of the form
y = Asin{wx — ¢) + B that fits the data.

(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

'= (d) Use a graphing utility to find the sinusoidal function of

- best fit.

() Graph the sinusoidal function of best fit on a scatter
diagram of the data.
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Average Monthly
Month, x Temperature, °F
January, 1 34.6
February, 2 315
March, 3 47.2
April, 4 56.5
May, 5 66.4
June, 6 75.6
July, 7 80.0
August, 8 78.5
September, 9 7.3
October, 10 59.7
November, 11 49.8
December, 12 39.4

Sounce: U.S. National Oceanic and Atmospheric
Administration

31. Monthly Temperature The following data represent the
average monthly temperatures for Indianapolis, Indiana.

Average Monthly

Month, x Temperature, °F
January; 1 955

February, 2 29.6

March, 3 414

April, 4 52.4

May, 5 62:8

June, 6 71.8

July,7 754

August, 8 73.2
September, 9 66.6

October, 10 54.7

November, 11 43.0 .
December, 12 30.9

Sounce: U.S. National Oceanic and Atmospheric
Administration

(a) Draw a scatter diagram of the data for one period.

(b) Find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

s

i@ (d} Use a graphing utility to find the sinusoidal function of

best fit.
(&) Graph the sinusoidal function of best fit on a scatter

diagram of the data.

32. Monthly Temperature The data on the following page

represent the average monthly temperatures for Baltimore,

Maryland.

(a) Draw a scatter diagram of the data for one period.
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Average Monthly (c) Draw a graph of the function found in part (b).
Month, x Temperature, °F (d) Use the function found in part (b) to predict the height
January, 1 18 of the water at the next high tide.
February, 2 34.8 ™\, 35. Hours of Daylight  According to the Old Farmer's Almanac,
March 3 441 in Miami, Florida, the number of hours of sunlight on the
o ' sumumer solstice of 2005 is 13.75 and the number of hours of
April, 4 534 sunlight on the winter solstice is 10.53.
May, 5 634 (a) Find a sinusoidal function of the form
June, B 725 y = Asin(wx — ¢) + B that fits the data.
July, 7 770 (b) Use the function found in part (a) to predict the number
August, 8 756 of hours of sunlight on April 1, the 91st day of the year.
September, 9 685 (c) Draw a graph of the function found in part (a).
October, 10 566 (d) Look up the number of hours of sunlight for April 1 in
November. 11 1638 the Old Farmer’s Almanac, and compare the actual
! ) hours of daylight to the results found in part (c).
December, 12 36.7 P
Soonce U5, Natiomal Oeannio amd At 36. Hours of Daylight According to the Old Farmer’s Almanac,
Aﬂﬁf:ist;aﬁo: o Teeanic and Atmospheric in Detroit, Michigan, the number of hours of sunlight on the
summer solstice of 2005 is 15.30 and the number of hours of
(b) Find a sinusoidal function of the form sunhght on t‘he w1.nter SO]SU’CG is 9.08.
y = Asin(wx — ¢) + B that fits the data. (a) Find a sinusoidal function of the form
(¢} Draw the sinusoidal function found in part (b) on the y=4 sm(wx‘ —e) T B that fits the data.'
scatter diagram. (b) Use the function found in part (a) to predict the num-
#2 {4} Use a graphing utility to find the sinusoidal function of b:;rof hours of sunlight on April 1, the 91st day of the
best fit. year. b of the Function found i
{e) Graph the sinuscidal function of best fit on a scatter (c) Draw a graph of the function foun 1.n part (a). o
diagram of the data. (d) Look up the number of hours of sunlight for April 1 in »
the Old Farmers Almanac, and compare the actual

33. Tides Suppose that the length of time between consecutive hours of daylight to the results found in part (c).
high tides is approximately 12.5 hours. According to the Na- X . . .
tional Oceanic and Atmospheric Administration, on Satur- 37. Hours of Daylight According to the Old Farmer;Almanac,
day, August 7,2004, in Savannah, Georgia, high tide occurred in Anchorage, Alaska, the number of hours of sunlight on the
at 3:38 aM (3.6333 hours) and low tide occurred at 10:08 AM summer solstice of 2005 is 19.42 and the number of hours of
(10.1333 hours). Water heights are measured as the amounts sunlight on the winter solstice is 5.47.
above or below the mean lower low water. The height of the (a) Find a sinusoidal function of the form
water at high tide was 8.2 feet, and the height of the water at y = Asin(wx — ¢) + B that fits the data.
low tide was —0.6 foot. (b) Use the function found in part (a) to predict the num-
(a) Approximately when will the next high tide occur? ber of hours of sunlight on April 1, the 91st day of the
(b) Find a sinusoidal function of the form year.

y = Asin(ox — ¢) + B that fits the data. (c) Draw a graph of the function found in part (a).
(c) Draw a graph of the function found in part (b). (d) Look up the number of hours of sunlight for April 1 in
(d) Use the function found in part (b) to predict the height the Old Farmers Almanac, and compare the actual
of the water at the next high tide. hours of daylight to the results found in part (c).

34. Tides Suppose that the length of time between consecutive 38. Hours of Daylight “Accor ding to the Old Farmer’thlmanac,
high tides is approximately 12.5 hours, According to the Na- in Honolulu, Hawau, the.number of hours of sunlight on the
tional Oceanic and Atmospheric Administration, on Satur- summer SO!S‘_ECC (?f 2005 is 1_3'4,3 and the number of hours of
day, August 7, 2004, in Juneau, Alaska, high tide occurred at sunlight on the winter solstice is 10.85.
8:11 AM (8.1833 hours) and low tide occurred at 2:14 pm (a) Find a s%nusmdal function of tf}e form
(14.2333 hours). Water heights are measured as the amounts y = Asin(wx — ¢) + B that fits the data.
above or below the mean lower low water. The height of the (b) Use the function found in part (a) to predict the number
water at high tide was 13.2 feet, and the height of the water of hours of sunlight on April 1, the 91st day of the year.
at low tide was 2.2 feet. (c) Draw a graph of the function found in part (a).
(a) Approximately when will the next high tide occur? (d) Look up the number of hours of sunlight for April 1 in
(b) Find a sinusoidal function of the form the Old Farmer’s Almanac, and compare the actual

y = Asin(wx — ¢) + B that fits the data. hours of daylight to the results found in part (c).
Discussion and Writing
39. Explain how the amplitude and period of a sinusoidal graph 40. Find an application in your major field that leads to a sinu-

are used to establish the scale on each coordinate axis.

soidal graph. Write a paper about your findings.




