Numerical Integration

Riemann Sums
Right
Left
Midpoint
Trapezoid Rule
Simpson’s Rule



Trapezoid Rule: Uses trapezoids to estimate area rather
than rectangles.

YA

N
Area=(b1;b2)h /

(fO0)+ F(Xia)

2 0 Xo X X5 X
i

=(f(x0)+f(xl) f(x1)+f(xz)

Ax+( AX + ...

=%[f(xo)+ f(xp)+ f(x)+ Fx)+. ]

J‘b AX
f(x)d )@7[ F(x)+2F(X)+2F(x3)+...+ F(Xn)]



Ex: Use the trapezoidal rule with n=5 to find an
approximation of the area bounded by f(x) =1/x, the
X-axis, x=1 and x=2.
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~ 0.695635

Ex: Use the trapezoidal rule with n=10 to find an
approximation of the area of:
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~1.46717



Ex: Use the trapezoidal rule with n=10 to
find an approximation of the area of:
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Area = 5(29.343) =1.467
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Simpson’s Approximation

Approximation of a curve by using a parabola fitted to three
points

0 =X, X, X, X Xy Xs Xg=




Area Under a Parabola:
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y= Ax?+Bx+C
(0, y;)
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Yo 4 Y3
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Since curve passes through (-h, y,), (0, y;) and (h, y,):

Yo =Ah?-Bh+C C=vy;
y1=C Ah?-Bh=yq-y;
y, =Ah% +Bh+C AhZ +Bh =y, -y, j 2Ah? =y +y, +2y,

Substitution into the area expression gives

h h
Area = 5((y0 -y +2y1)+6yq)= 3(3’0 t4y1+Y2)



Simpson’s Approximation

Simpson’s Approximation/Rule: Divide [a,b] into an even
number of intervals and apply the parabola area formula to
successive pairs of intervals.
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Summing the area under each parabola above gives
h h h
Area=_(yo+4y1+ya)+ (Y2 +4Ya+ya)+..+ 2(¥n-2 * 4Yn-1+Vn)

h
- §[YO +4y1+2yy +Ay3 +2y 4+ +2Y 2 +4Yng +Yn ]

- %[f(xo) +4f(xq) +2f(xp) + 4f(x3) + 2f(X ) + ... + 2f(Xp) + 4f(Xp-1) + F(Xp)]



0 a=x, X X X5 Xa X5 Xe=b

Area = %[f(xo) +4f(x 1) + 2f(Xp) + ... + 4f(x1.1) + T(X,)]

b b—a
Ia f (x)dx z(gn)[yo +4y1+2Yy + ...+ 2Yn_2 +4Yn_1 + Yn ]

Note the sequence of coefficients: 1,4,2,4,2,4,2,4,...,2,4,1



: : : 2
Ex: Use Simpson’s Rule with n=10 to approximate: j‘ idx

1 X

STAT/Edit ble L, L
L1:Sequence (; ):I f(xi) 1 C(;ef Term 1
Lo =X + L,(AX) 1 1.1 09090909 4  3.6363636
Ly=1(L,) 2 1.2 0.8333333 2 1.666666
L, = Coefficients 3 1.3 07692307 4  3.076923
L =L(L,) 4 1.4 0.7142857 2 1.428571
5 1.5 0.6666667 4 2.666666
(Ax/3)Sum (L) 6 1.6 0.625 2 1.25
7 1.7 0588235 4 2.354921
8 1.8 0.555556 2 1.111111
9 1.9 0.52631578 4 2.105263
10 2 0.5 1 0.5
20.7945069

2
I L dx ~ - (20.794506918) = 0.693150231
1 X 30
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